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MATH 222 — Homework #1

Due January 18, 2023

Maxwell Lin

Problem 1
Use induction on k to prove that if x1,...,zx € R™, then
o+ Al < flealf 4+ ]l
Solution
Proof.

Base case (k= 1): ||z1]| < ||1]| as required
Inductive step: Suppose ||z1 + ...+ x| < [|z1|| + ... + |zx]|. Then

1+ apl + | < flzall+ - 4 el + flzpal

and

|1 + .o+ 2p + gl < |ler 4+ -+ 2kl + |l 2rr1]] Triangle Inequality

Thus,
o+ oot 2+ @l < Jaall + -+ ol + 2

and P(k) = P(k+ 1), completing the inductive step. Therefore, ||z1 + ... + x| < |21 +
Vk e Zt.

Problem 2

For any z,y € R",

e =yl = [lIx] = lIyll]-

Solution

Proof.

z -y <zl Cauchy—Schwarz inequality
—2z -y > —2|z|l[|y]]
2 _ 9. 25 12 — 9 2
l2)l” =22 -y + lyllI* = [l=l" = 2l (llyll + vl
lz =yl = (=l = llyl)?
lz =yl = [zl = llyl|

oo+ ||xg] for
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Figure 1: The length of any side of a triangle is greater than or equal to the absolute value of the difference
of lengths of the other two sides.

Problem 3

For any natural number n, consider the following sets:
C"={xeR"||z;| <1lforeachi=1,...,n}
D" ={xeR"[|x| <1}
Dy ={xeR"||x| <r} forany fixed r >0

Part A
Geometrically describe C™ and D™ for n = 1,2, 3.

Solution

C' and D': The real number line on the interval [-1, 1]

C?: All 2D points of a 2 by 2 square centered at the origin
D2?: All 2D points of the unit circle

C3: All 3D points of a 2 by 2 by 2 cube centered at the origin
D3: All 3D points of the unit sphere

Part B
Prove that D™ C C", but D} ¢ C™ for any r > 1.

Solution
Proof. Suppose x € D™, then
[lzfl <1

4. +22 <1

i+ 422 <1

miS:l:\/l—(x%—i—...—f—x?_l—&—xfﬂ—i—...—i—w%)
lz;] <1 Since 0<a? +...+22 <1

zeCm”
D ccn as required.

For the second part of the proof, we have the counterexample: re; € DI, but req ¢ C™ for Vr > 1. O

Part C
Prove that for any x,y € D", ||x — y|| < 2.

Solution

Problem 3 continued on next page. .. 2
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Proof. Suppose x,y € D™, then ||z| <1 and |ly|| < 1. This implies

e =yl < llzll + 11 = yll = llzll + vl < 2

O
Part D
Prove that we can find a pair of points x,,,y, € C™ such that ||x, — y,| = 2v/n.
Proof. Take z,, = (1,1,...,1) and y, = (=1,—1,...,—1). Then,
lzn = ynll = [1(2,2,...,2)]|
— V224224, 422
=Vin
=2vn
O




MATH 222 — Homework #2

Due January 25, 2023

Maxwell Lin

Problem 4

Prove that the set A = {(z,y) € R? |z > 0} is open.

Solution

Proof. To show that A is open, we must show that there exists some r > 0 so that D,((x,y)) C A for
Y(z,y) € A. We claim that r = x. Suppose (u,v) € D,((x,y)). Then

[(u,v) = (z, y)ll <

[(w—=zv—y)l <r

Viu—2)2+@w-—y)2<r
lu—z|=u-—22<\(u—z2+@w-y2<r==z

Which implies that

— —Ir<u—x<xT

= 0<u

= (u,v) € A

= D,((z,y)) C A as required

Problem 5

Part A
If U and V are open sets, prove that U UV and U NV are open.

Solution

Proof. We have
UuV={zeR"|zeUorxeV}

To prove that U U V is open, we must show that for every x € U UV there exists a » > 0 such that
D,(x) C (UUYV). There are two cases.

Case 1: Suppose that € U. Since U is open, this implies that there exists r > 0 such that D,(z) C U.
Additionally, U C (U U V) since any arbitrary element of U is also an element of U U V. Thus, if x € U we
have D,.(z) C (UUYV).
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Case 2: (We proceed the same way as Case 1.) Suppose that z € V. Since V is open, this implies that there
exists 7 > 0 such that D,.(z) C V. Additionally, V' C (U U V) since any arbitrary element of V is also an
element of U UV. Thus, if € V we have D, (z) C (UUV).

Therefore, U UV is open.

For the second proof we have
UnNnV={zeR"|zeUandz eV}

If x € (UNYV), then there exists r > 0 such that D,(z) C U and a s > 0 such that Dg(x) C V. Either r <s
or s < r. Suppose that r < s. Thus, D, (z) C Ds(z) C V and therefore we have

Dy(x)CcV and D,(z)CU
which is equivalent to
D.(z)cUNV.

Therefore, U NV is open. O
Part B

More generally, if Uy,Us,Us, ... are open sets in R™, prove that the infinite union U = Uf; U; is open.
(That is, U = {x € R" | x € U; for some i}.)

Solution

Proof. We proceed similarly to Part A. We need to show that for all x € U, there exists an r > 0 such that
D,(z) CU.

If € U then x € U; for some 4. Since U; is an open set, there exists some r; > 0 so that D, (z) C U;. Since

all elements of U; are elements of U, U; C U and we have D,,(z) C U as required. O
Part C
Consider the sets U; = D;/;(0) for i = 1,2,3,... Determine whether or not the infinite intersection

V =2, U; is open, and justify your answer. (That is, V = {x € R" | x € U; for all i}.)

Solution

Proof. First, let’s examine what elements are in V.

For the sake of contradiction, suppose that there exists © # 0 € V. Thus, ||z|| > 0. This means z € U; for
all 7. However, there will always exist a U [rir] which x is not contained in. In other words, there always

|3

exists a U;11 that is a proper subset of U;. This is a contradiction and therefore any nonzero x is not in V.

However, z = 0 € V since V is the infinite intersection of open disks with a positive radius. That is, ||0] < r
for all » > 0.

Thus, the only element in V' is the zero vector. There does not exist an r > 0 such that D,(0) C {0}. For
example, the point (5,0,...,0) € D,(0) but not in {0}. Thus, V is not an open set. O
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Due February 1, 2023

Maxwell Lin

Problem 1

 flooy — | s (@) #(0,0)
Let f(z,y) { 7 ) = (0.0

(a) Compute the limit as (x,y) — (0,0) of f along the path = = 0.
(b) Compute the limit as (z,y) — (0,0) of f along the path z = y3.
(¢) Show that f is not continuous at (0,0).

Solution
For parts a and b we only need to examine the first condition of f where (z,y) # (0,0) since the limit as
(z,y) — (0,0) does not depend on the value of f at (0,0).

a) If (x,y) approaches (0,0) along the path & = 0, the limiting value is

3

—— =1im0=0
ylg%)OQerG y 50

b) If (z,y) approaches (0,0) along the path z = y3, the limiting value is

vy o yS 1

lim ———— = lim =— =
o0 (P2 + 46 w020 2
c) For f to be continuous at (0,0), the lim, ) (0,0) f must exist and equal f(0,0). However, the limit does

not exist since from parts a and b, we have two different paths to (0,0) resulting in different limiting
values. Thus for e < 1, there is no § > 0 such that ||z]| <§ = |f(z)| <e.

Problem 2

Compute the following 121mits if2 they exist:
(a) hmit(a@y)ﬁ(o,o) (ety)" —(z=y)”

Ty
(b) limit ) (0,0)

sin xy

Y
3_ .3

(C) hmit(w,y)—%0,0) 22 _T_Zz

Solution
a)

@ty —(@—y? _ . @42y +y?) - @ 2wy +y?) -
(,4)—(0,0) Ty (@,5)—(0,0) Ty (2,5)—(0,0)
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b)

sin(zy) _ lim QSSL(IZI) = lim =z lim M =(0)1)=0
(z,y ) (z,y)—(0,0)

1m
(z,y)—(0,0) Y (z,y)—(0,0) Ty z,y)—(0,0 Y

To see why lim; ) (0,0) m;(:y) = 1, note that gm(:y) can be rewritten as the composition of two functions:
(g0 f)(z,y) where f(x,y) = zy and g(z) = 22, Since lim, 4y (0,0) f(z,y) = 0 and lim, 0 g(x) = 1,

im; ) (0,0 (f 0 9)(2) = 1.

c¢) By the triangle inequality, we have

2yt | || =yt | Jal? lyly?
$2+y2 — $2+y2 .’I,‘2+y2 _l‘2+y2 $2+y2
Additionally, we have
|z
22 +y? =1

since if y = 0 we have equality and if y # 0 the first expression is less than the second. Likewise,

lyly® <1yl
x?4+y? =
Combining with the first inequality, we obtain
3_,3 2 2
xs —y x|x yly
e I I
¢ +y T +y e +y
Therefore,
—(|z| + <|z|+
(il + ) < | S5 | < fel + b

By the squeeze theorem, since lim(, ) 0,0y —(|#| + [y]) = lim(z ) (0,0) || + |y| =0

3.3
lm o=
(2)—+(0.0) 22 +y

Problem 3

Give the formulas for the partial derivatives at an arbitrary point (x, y) as well as at the specified values.
(a) z =+/a?® — 22 — y2;(0,0), (a/2,a/2)

(b) z =log /1 + zy; (1,2),(0,0)

(¢c) z = e* cos(bx + y); (27 /b, 0)

Solution

2

a) z =+/a?— 22 —y2%(0,0), (a/2,a/2)

o ) = e e
oz Y=

a2 — 22 — o2 a2 — 22 — o2

%(0,0):0 for a # 0 %(0,0):0 for a # 0

(/2 a/2) = |‘f for a # 0 gZ(a/2,a/2):_|Z|‘f

fora #0

Problem 3 continued on next page. .. 2
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Problem 3 (continued)

b) z=1log 1+ zy;(1,2),(0,0)

%(x ) = Y oy 0z (2,9) = x
gz Y VT Fay/I+ay 2+ 2y Ay Y 24 2zy
1,9 = g = (1,9 = gogrm = ¢
ox "7 24 2(1)(2) 3 oy T 2+2(1)(2) 6
0z 0 0z 0
7.0 = 35500 = 7y %Y = 5300 = °
c) z=e"cos(bxr +y); (27/b,0)
%( ) = ae®” cos(bx + y) — be™ sin(bx + y) %( ) = —e*sin(bx + y)
9 z,y) = ae T+ y e’ sin(bx + vy By T,y) = Y
9z _ geralb 9z _
ax(Zﬂ'/b, 0) = ae ay(27r/b, 0)=0
Problem 4

Define f : R? — R by
Ty :
oy = [ EE 200
0 if (x,y) = (0,0).
Show that at (x,y) = (0,0), f is ”shmifferentiable” (i.e. its partial derivatives exist) but not continuous.

This is another reason that merely knowing that the partials exist isn’t a good definition of differentiability:
we should expect, as in single-variable calculus, that differentiable implies continuous.

Solution
f is shmifferentiable at (0,0) since

WO _

of o f(h,0) = £(0,0) . 2507 .0

9 (00) = Jim, i i e e
(0)(h)

6.f BT f(ovh) - f(OaO) T 02+hZ 0 BT _

gy (00) = Jlim == = i T = i g =0

If f is continuous, lim(, )~ (0,0 f(2,y) = 0. However, the limit does not exist since if (x,y) — (0,0) along
the path x = y, the limiting value is
y? 1

lim
y—02y2 2
while if (x,y) — (0,0) along the path x = —y the limiting value is

li =2~
im — =—-
y—0 2y2 2

Since approaching (0, 0) along different paths results in different limits, the limit does not exist and f is not
continuous at (0,0). That is, for € < 1, there is no § > 0 such that ||z < = |f(z)| <e.
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Problem 5
Let v > 0 be a fixed real number. Define f : R? — R by
f(.f(:,t) _ 6_(I_vt)2.

We are using ¢ (rather than y) for the second variable because we are thinking of x as position and ¢ as time.
This is meant as a representation of a single wave traveling along a line at speed v.

(a) Draw the sections of the graph of f for t = —1,0,1, and explain why the above description makes sense.
(Feel free to use a graphing device or look up ”Gaussian function” to give you a basic sense of what the
graph should look like.)

(b) Compute g—_f; and %{.

(c) Show that f satisfies the equation

of | of _

(This is an example of a partial differential equation, a relation between the partial derivatives of a function
of multiple variables. This particular equation is called the transport equation.)

Solution

2)

Problem 5 continued on next page. .. 4
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The above description makes sense since e represents a single wave at the origin. Multiplying speed
with time results in distance which shifts the wave appropriately. That is, a positive time shifts the wave
to the right and a negative time shifts the wave to the left. Increasing speed proportionally scales the

rate at which the wave travels along the x-axis.

b)
% = —2(z —vt) (e~ (%)
% =2v(x — vt)(e_(m_”t)2)
c)
% + vg—i = 2v(z — vt)(e_(w_vt)z) +v(=2(z — vt)(e_(x_“t)z))

=2v(x — vt)(e_(”_”t)z) —2vu(x — vt)(e_(z_”t)z)
=0

Problem 6

Let f:R™ — R™ be a function. For any subset U C R™, we define f~}(U) = {x € R" | f(x) € U} (that is,
the set of point that map into U). Prove that f is continuous if and only if for every open set U C R™, f~1(U)
is open.

Solution

Proof.

(=) Suppose U C R" is an open set. We need to show that f~1(U) is open. Suppose zo € f~1(U). By def-
inition, f(x¢) € U. Since U is open there exists € > 0 such that D.(f(x¢)) C U. By continuity, Ve > 0, there
36 > 0 such that |z —zo|| <6 = ||f(x) — f(zo)|| < €. Thus, if z € Ds(xo), we have f(z) € D(f(xo)) CU
and x € f~Y(U). Therefore, Ds(x¢) C f~1(U) for arbitrary zo € f~1(U) proving that f~1(U) is an open set.

( <) Suppose zp € R™ and € > 0. Since open balls are open sets, D.(f(xo)) is an open set in R™. By
assumption, U = f~1(D.(f(z0))) is an open set in R™. Since f(xq) € D.(f(z0)), we have xo € U. Since U
is open, there is some § > 0 such that Ds(zg) C U = f~1(D.(f(x0))). This means that if + € Ds(z0), we
have x € f~H(D.(f(x0))) and f(x) € D (f(xo)). Equivalently, ||z — zo|| < § = | f(x) — f(xo)|| < € for
arbitrary x¢ € R™. Therefore, f is continuous. O




MATH 222 — Homework #4

Due February 8, 2023

Maxwell Lin

Problem 1

Let f(z,y) = ¢**=%". Find the equation for the tangent plane to the graph of f at the point (1,1).

Solution

Thus, the tangent plane is parametrized by:
z—1
o) = F(L1)+ DI ()~ (L0 =1+ 2 2] [7 ]
=142z -2y

Problem 2

Consider the function f : R? — R? given by f(z,y) = (zy,z + y).

(a) Compute the matrix of partial derivatives of f for an arbitrary point (z,y).

(b) Prove directly from the definition that f is differentiable at (0,0). (Do not use the theorem that C!
implies differentiable.)

Solution

2)

Df(z,y) = ﬁ ﬂ

b) If f is differentiable at (0,0), then there exists a linear transformation 7" : R™ — R™ such that

o 15@) = £@0) =T — 20|

a—0 [l — o

=0

We proved in class that the matrix for T, if it exists, is the matrix of partial derivatives D f(x,y). Thus,
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a9 - 0.0~ 1 5] @ - 0001

lim ! N [ AU
(,5)—(0,0) [|(z,y) — (0,0)] (z.)—0,0) |[(z, )]l
|zy|

C (@y)—=(0,0) \/22 | 2

We need to verify that lim, ,y_,(0,0) lzvl _ — (. That is, we must show that for Ve > 0, there 36 > 0

such that for all  where 0 < ||(x,y) — (0,0)]| < 4,

VR O‘ < . We claim that § = ¢

zy 2llyl VPVt s
‘\/$2+y2 \/$2+y2 - /$2+y2 z Y <

The first inequality is reached since |z| < v/22 4+ y2. (Equality if y = 0, less than if y # 0).
Thus, the limit is verified and f is differentiable at (0,0).

Problem 3

Consider the function f : R? — R given by
3_
Fag) = {+ (,9) # (0,0)
y) = (0,0)

(a) Using the results of the previous homework, show that f is continuous at (0,0)
(b) For an arbitrary nonzero vector ¥ = { Z } € R2, compute Dyf(0,0).

)
(c) Is f differentiable at (0,0)? Explain why or why not.
(d) Compute % and gTJ;
e) Show directly from (d) that % is not continuous at (0,0). (Hint: Consider the limits along the lines
x=0and y=0.)

Solution

a) If f is continuous at (0,0), lim, 0,0y f(z,y) = f(0,0). From HW 3, we have that

23— y3
lim ——=0=f(0,0
(2,y)—(0,0) T2 + Y2 10,9

as required.

Problem 3 continued on next page. .. 2
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b)

Dy£(0,0) = ;ILIL% J((0,0) + h((;, b)) — £(0,0)
(ha)®—(hb)*
] [ } -0

(ha)?+(hb)?
h—0 h
h3(a® — b3)
im ————=~
h—0 h3(a? + b?)
a®— b3
lim ——
hli% a? + b2
a3 _ b3

a2+ b2

¢) f is not differentiable at (0,

=]

). For f to be differentiable, Dzf(0,0) must exist for V&' and ¥ — Dzf(0,0)

. 3_ 3 . . .
must be linear. However, } — % is not linear since

S 2

a3—b3
a? + b?

a

D, £(0,0) = ta—b=[1 1] M — DF(0,0)(v).

For instance, take (a,b) = (2,1), and we can see

2213 7
Py 57 b

d) First we compute g—i. When (z,y) # (0,0),

of

3a?(a? + y°) — 2a(2® — y°)
(z,y) =
Ox

@2 +2)?
x* + 32292 + 2293
(@2 1 2)2

When (z,y) = (0,0),

5z %0 = fimy h
irgor — 0
h—0 h

Thus,

4 2 2 3
of (=t (o) 2 (0,0)
gz |1 (z,y) = (0,0)

Now we compute g—i. When (z,y) # (0,0),

Problem 3 continued on next page. .. 3
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_ 3 +y?) — (@’ — )
(22 + y2)2
_ oyt — 3y222 — 2ya®
(I2 +y2)2

When (z,y) = (0,0),

9 0:0) = Jim, h
3 13
_ iy 0 0
h—0 h
— i ="
A

=1

Thus,
430202 _9yzd
gy (-1 (,y) = (0,0)
e) We have
Of _ [T (@.y) #(0,0)
of _ ] =Gy ) # O,
dr |1 (,y) = (0,0)
If (x,y) approaches (0,0) along the path & = 0, the limiting value is
lim % =0
y—=0y

If (z,y) approaches (0,0) along the path y = 0, the limiting value is

1‘4

lim — =1
x—0 (ﬂ4

Since different paths to (0,0) have different limits, lim g, ) (0,0) % does not exist and therefore, % is
not continuous at (0,0).

Problem 4

Consider the function f : R — R given by

B xQSin(%) x#0
Jw= {0 z=0.

(a) Prove that f is differentiable everywhere, and give a formula for f’. (Hint: To compute f’(0), use the
limit definition of the derivative.)

(b) Prove that f’ is not continuous at x = 0, and thus that f is not C!.

Solution

Problem 4 continued on next page. .. 4
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o) 2 (1) oo (1)

_ f(0+h)—fO) . hEsin(3)-0 (1
/ = B — B — e ——— —
S0) = Jim h ) h Ay sin {

Since —h < hsin(+) < h and lim,_o(—h) = limj_,0(h) = 0, we have by the squeeze theorem that
limy, g A sin (%) =0.

Thus,

a) For x # 0, we have

For = = 0, we have

/oy )2xsin (%) — cos (%) x#0
f(fc)—{o .

and f is differentiable everywhere.

b) Suppose that f’ was continuous at z = 0 so that lim, o [22sin (1) — cos (1)] exists and equals 0. We

T
also know that lim,_¢ [2x sin (%)] exists and equals 0 since we can squeeze this function between —2z
and 2x. Thus,

0 = lim |2xsin <1) cos<1>] — lim {szin <1)]

z—0 | x x z—0 x
T . 1 1 . 1

= lim |2z sin () — COS () — 2xsin ()]
x—0 L x x X
! | (1>}

=lim |—cos | — .
x—0 L x

However, this is a contradiction since we know that lim, .q [— cos (%)} does not exist. (This limit is

equivalent to lim,_, o [— cos (x)] which does not exist since cos oscillates between —1 and 1 as z — 00.)

Therefore, f’ is not continuous at x = 0 and thus, f is not C*.

Problem 5

Consider the function f : R? — R given by

o e @) #0.0)
Fey) {o (2,9) = (0,0)

Prove that f is C'' everywhere.

Solution
First we compute %. If (x,y) # (0,0), we have

O (o) = 22
oz Y= (22 + y2)2

Problem 5 continued on next page. .. 5
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If (z,y) = (0,0), we have

of .
%(0’ 0) = 0 h
lim H
- h—0 h

Thus,

af _ {(H (2,9) # (0,0)

dr {0 (2,y) = (0,0)

We know that % is continuous for all (z,y) # (0,0). We must check if % is continuous at (0, 0).

We must show that lim, ) (0,0 % = 0. This means that we must show that for Ve > 0, there 3§ > 0 such
that for all (z,y) where 0 < ||(z,y) — (0,0)|| < 4, ey 0‘ < e. We claim that § = 5.

@2 +y9)?
2$y4 2($2 +y2)5/2
g | < e~ )

as required.

Now we compute %ch' If (z,y) # (0,0), we have

O (o) = 22
or Y (22 + y2)2
If (x,y) = (0,0), we have
of .. f(0,0+h)— f(0,0)
2000 = i B
= lim ——
h—0
-0

Thus,

af _ {<+> (2,9) # (0,0)

9z |0 (2,y) = (0,0)

We know that 2—5 is continuous for all (z,y) # (0,0). We must check if % is continuous at (0, 0).

We must show that lim, ) (0,0 % = 0. This means that we must show that for Ve > 0, there 39 > 0 such
that for all (z,y) where 0 < ||(z,y) — (0,0)] < 9, 2y 0’ < e. We claim that 0 = 5

nyél 2(x2+y2)5/2
G | = G R/ <

as required.

Since all partial derivatives of f exist and are continuous everyone, f is C' everywhere.




MATH 222 — Homework #5

Due February 15, 2023

Maxwell Lin

Problem 1

Section 2.4, #6.
Give a parametrization for each of the following curves:
(a) The line passing through (1,2,3) and (—2,0,7)

(b) The graph of f(x) = z?

(c) The square with vertices (0
( y

o~

0),(0,1),(1,1), and (1,0) (Break it up into line segments.)
=1

d) The ellipse given by % + %

Solution

a) I: R — R3 given by
I(t) = (1,2,3) + (=3, -2,4)t = (1 — 3t,2 — 2t,3 + 4t)
b) c¢: R — R? given by
oft) = (t,1%)

c) c: [0,4) — R? given by

(0,1) 0<t<1

(t—1,1) 1<t<?2
(1,—t+3) 2<t<3
(—t+4,0) 3<t<4

d) c¢: [0,27) — R? given by
c(t) = (3 cos(t), 5sin(t))

Problem 2

Section 2.4, #24.
t

Consider the spiral given by c(t) = (e’ cos(t), e’ sin(t)). Show that the angle between ¢ and ¢’ is constant.
What is the angle between ¢ and ¢’? Draw this curve.

Solution
Taking the 1st derivative gives us

d (t) = (e’ cos(t) — e’ sin(t), e’ sin(t) + e’ cos(t))
= (e’(cos(t) — sin(t)), e (sin(t) + cos(t))).

Thus, the angle between ¢ and ¢’ is
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a constant as required.

Problem 3

Section 2.5, #8.
Let f(u,v,w) = (e, cos(v + u) + sin(u + v + w)) and g(z,y) = (%, cos(y — x),e~¥). Calculate f o g and
D(f 0 g)(0,0). Also compute Df and Dg at the relevant points and verify that the chain rule holds.

Solution
The function composition is

(fog)(m,y) = (e~ " cos(cos(y — x) + €”) + sin(e” + cos(y — x) + e Y)).

The derivative of f o g at (0,0) is

eez—efy(ew) eez—efy(e—y)
D(f©9)(0,0) = [ o(fo9) o(fog)
ox oy (0,0)

- [— sin(2)1—|— cos(3) — cjs(?,)]
where

d(fog)

e sin(cos(y — x) + ) (sin(y — ) + €%) + cos(e” + cos(y — z) + e~ ¥)(e” + sin(y — x))

Problem 3 continued on next page. .. 2
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(fog)
dy
The chain rule states that
D(f 2g)(0,0) = Df(9(0,0))Dg(0,0)
= Df(1,1,1)Dg(0,0)  Since g(0,0) = (1,1,1)

= —sin(cos(y — x) + €)(—sin(y — z)) + cos(e” + cos(y — x) + e ¥)(—sin(y —z) — e Y)

We have
eu—w 0 _eu—w
Df(1,1,1) = [ sin(v 4+ u) + cos(u + v +w) —sin(v+u) + cos(u +v + w) cos(u + v+ w)] (111)
B 1 0 -1
| —sin(2) +cos(3) —sin(2) + cos(3) cos(3)
and
e 0
Dg(0,0) = |sin(y —z) —sin(y —x)
0 —e"y 0,0)
1 0
=10 O
0 -1
Thus,
1 0
1 0 -1
D(f2g)(0,0) = [ sin(2) 4 cos(3) —sin(2) + cos(3) cos(3)} [8 _OJ

1 1
N [— sin(2) 4 cos(3) — cos(3)}
and the chain rule holds.

Problem 4

Section 2.5, #12.
Let h: R* — R® and g: R? — R® be given by h(z,y,z) = (zyz,e"*, wsin(y), =2,17) and g(u,v) =
(v? + 2u,7,2/u). Find D(hog)(1,1).

Solution
We proceed by the chain rule which states D(h o g)(1,1) = Dh(g(1,1))Dg(1,1). We have

Yz xz xy
ze*? 0 xe®?
Dh(g(1,1)) = Dh(3,7,2) = |sin(y) zcos(y) O
5 0 0
0 0 0 (3.7.2)
2 6 3w
2¢5 0 3ef
=0 3 0
1 0 0
0 0 0

Problem 4 continued on next page. .. 3
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and
2 2v
Dyg(1,1) = 0 0
—1/2
u Y/ 0 (11)
2 2
= (0 0].
11 0
Thus,
[or 6 3n
2 0 38| 2 2
D(hog)(1,1)=[0 3 0 0 0
1 0 0 1 0
|0 0 0
(77 4r
7eb 48
=1|0 0
2 2
_O 0
Problem 5

Section 2.5, #22.
This exercise gives another example of the fact that the chain rule is not applicable if f is not differentiable.

Consider the function )
Fay) = {+ (z.9) # (0,0)
0 (1‘, y) = (07 O)
Show that
(a) 0f JOx and Of /Oy exist at (0,0).
(b) If g(t) = (at,bt) for constants a and b, then f o g is differentiable and (f o g)'(0) = ab®/ (a* + b?), but
Vf(0,0)-g'(0) = 0.

Solution
(a) We have
Of . F(h,0) = £(0,0)
5] (0’0) o hli)r(l) h
oy 0-0
T a0 h
=0
and
Of . F(0,h) = £(0,0)
oy (0,0) = [ h
oy 0-0
T hs0 h
=0.

Problem 5 continued on next page. .. 4
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Thus, % and %ch exist at (0,0).

(b) The composition of g with f is

ab’t
4 t#0
° t — a?+b?
(f 09)(t) {O s
_ ab’t
a2+ b2
Thus, f o g is differentiable where
ab?
(Fog)(t) = =

However,
V0050 = o] -[3] =0

Thus, the chain rule fails to hold, and we deduce that f cannot have been differentiable at (0,0).

Problem 6

Section 4.2, #8.

Recall from Section 2.4 that a rolling circle of radius R traces out a cycloid, which can be parametrized by
c(t) = (Rt — Rsint, R — Rcost). One arch of the cycloid is completed from ¢t = 0 to ¢t = 27. Show that the
length of this arch is always 4 times the diameter of the rolling circle.

Solution
The length of the arch is

/ﬂ||c’(t)||dt:/ IR = Reos(t), Rsin(t))]| dt
0 0

= o V(R — Rcos(t))? + (Rsin(t))2 dt
0

2
= / \/R2 — 2R2 cos(t) + R2 cos?(t) + R2sin?(t) dt
0

= /27r \/R2(1 — 2cos(t) + cos?(t) + sin?(t)) dt
0
= /2” R2(2 — 2cos(t)) dt
0
= RV2 " 1 — cos(t) dt
0

27 1—
= 2R/ sin t dt Since sin L = ﬂ
0 2 2 2
27
= —4R [cos <t)]
2/ 1o

= —4R[-1-1]
—8R

which is 4 times the diameter 2R as required.
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Problem 7

Let ¢ : [a,b] — R™ be a continuously differentiable path, and let f : [p,q] — [a,b] be a continuously differen-
tiable function with the property that f/(t) > 0 for all ¢ € [p, ¢]. Prove that the arc lengths of ¢ and co f
are equal.

Solution

Proof. To prove that the arc lengths of ¢ and (co f) are equal we must show that f; I ()|l dt = f; l(co
N dt.

q

[leonwla= ["1¢w@r@la chain e

q

' (LN @] dt

q

I SIS () dt Since f(t) = 0

)
Ul e Letu= £

\»s\ws\w\

f(p)
b
= [ [I<(w)] du




MATH 222 — Homework #6

Due March 2, 2023

Maxwell Lin

Problem 1

Section 3.1, #12. (You can read about the physical significance of the heat equation on page 154.)

(a) Show that T'(z,t) = e~* cos x satisfies the one-dimensional heat equation
0*T  oT
ox2 Ot
(b) Show that T'(z,y,t) = e **(cos z + cosy) satisfies the two-dimensional heat equation
9°T N o*T\ _ oT
ox2  oy2) ot
(c) Show that T'(x,y, z,t) = e **(cosz + cosy + cos 2) satisfies the three-dimensional heat equation

<82T 0°T 32T> oT

Ox? + Oy? + 922 ) ~ ot
Solution
(a) We have
oT
i —ke M cosx
and
T
g—x = —e Fging
0*T
£r) = —e Fcosz
o*T
kw = —ke F cosz.
(b) We have
oT
e —ke ¥ (cosz + cosy)
and
oT oT
B —e Msing a—y = —e Ftsiny
o*T . o*T .
£ = —e¢ Mcosx a—yQ = —¢H cosy
o*T  0°T
(W + 3y2> = —ke M (cosz + cosy).
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(c) We have
T
%—t = —ke M (cosx + cosy + cos z)
and
T T T
g—x = e Fging g—y = e ht siny g—z = —e Fging
2T 2T 2T
g - = —e Ftoos 272 = —e cos Y 86—2 =—e Fcosz
i Yy z
o*r  o0*T  0°T kt
oz + a7 + 52 ) = —ke " (cosz + cosy + cos z).
Problem 2

Section 3.2, #4.
Determine the second-order Taylor formula for the given function about the given point (zo, yo)-

flz,y) =1/ (x2 +y2—|—1), where xg =0, yg =0

Solution
The second-order Taylor formula for f(x,y) at (0,0) is given by

70 = 50,0+ D50.0) [7] + o o] 170,0) [2] + Rat0.1)

where Ro(0.1)
li 2\Y, —-0.
Wl "
We have
—2z —2y
Df(0,0) =
7(0.0) [(az? +y*+1)? (x2+y2+1)2] 0.0)
=[0 0]
and
2322 —y2 - 1) 8xy
_ | @ +y24+1)3 (2292 +1)3
OO=1" sy " a2 -2 )

@+ @70 Loy

Thus, we obtain
f(h) =1—2® —y? + Ry(0, h).
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Problem 3

Section 3.3, #6.

Find the critical points of the given function and then determine whether they are local maxima, local min-
ima, or saddle points.

flz,y) = x® — 32y + 5z — 2y + 6y* + 8

Solution
The critical points occur when

2¢ — 3y +5 }

Vi@y) = {—3@« — 2412y

which only occurs at the point (=32, 5E'). The Hessian at (=32, 5t is

—18 —11 2 =3
Hf<5’15):[_3 12]'

Since det(Hf(z,y)) = 15> 0 and a = 2 > 0, we have that (=22, =11} is a local minimum.

Problem 4

Section 3.3, #10.

Find the critical points of the given function and then determine whether they are local maxima, local min-
ima, or saddle points.

f(z,y) =y +asiny

Solution
The critical points occur when

_ siny _
Vf(l',y)— [1+xcosy] _0

We have that siny = 0 whenever y = kw for k € Z. For x, there are two cases. If k is an even integer, then
cosy = coskm = 1 and x must be —1. If £ is an odd integer, then cosy = coskmr = —1 and x must be 1.
Thus, the critical points of f(x,y) are all points of the form

(1) (—=1,km) k even integer
yY) =

(1,kw)  k odd integer.
The Hessian is

0 cosy
cosy —xsiny|’

Hf(z,y) = [

Since the period of sin and cos is 27, there are only two cases. When k is even, we have

Hf(—1, kr) = [(1) (1)] .

When £ is odd, we have

Hf(1,kr) = {01 _01] .

In both cases, the determinant is —1 < 0. Therefore, all critical points are saddle points.
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Problem 5

Section 3.3, #18.

Let f(x,y,2) = 22 + y% + 22 + kyz.
(a) Verify that (0,0,0) is a critical point for f.
(b) Find all values of k such that f has a local minimum at (0,0, 0).

Solution
(a) We have
2x
Vf(0,0,0) = |2y + kz
2z + ky 0,0,0)
0
= o
0

as required.

The Hessian of f at (0,0,0) is

2 0 0
Hf(0,0,0)= [0 2 &
0 k 2

f

For Hf(0,0,0) to be positive-definite, the determinants of all the diagonal submatrices must be greater
than 0. We already have
det ([2]) > 0

()

and

Thus, the only constraint is

2 0
det | [0 2 =8—-2k>>0
0 k

N T O

—2<k<?2

We must also check when the determinant is O which is when &£ = £2. We then have
P4y 2=+ (y+2)?
which is positive for all (z,y, z) # 0. Therefore, f has a local minimum at (0,0, 0) for all

—-2<k<2.
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Problem 6

Section 3.3, #36.

Let n be an integer greater than 2 and set f(x,y) = az™ + cy™, where ac # 0. Determine the nature of the
critical points of f.

Solution

The critical points occur when
n—1

Vi(x,y) = [anxn_l} =0.

cny

Thus, (0,0) is the only critical point.

Now suppose n is even. If a and ¢ are both positive, then (0,0) is a local minimum since f > 0 for all
(x,y) # 0. If a and ¢ are both negative, then (0,0) is a local maximum since f < 0 for all (z,y) # 0. If
a and ¢ have different signs, then (0,0) is a saddle point since it is neither a local minimum or maximum.
(For example, suppose a was negative and ¢ was positive. If we observe the cross-section « = 0, then (0,0)
would be a local minimum. If instead, we observe the cross-section y = 0, (0,0) would be a local maximum.
Thus, there is no neighborhood containing (0,0) so that all f(x,y) > 0 or all f(z,y) < 0. Therefore, (0,0)
is a saddle point.)

Now suppose n is odd. Regardless of a and ¢, (0,0) is a saddle point since there always exists values of (z,y)
near (0,0) such that f is greater than 0 and less than 0. For example, along the path y = 0, f < 0 for all
z < 0and f >0 for all z > 0. (This is assuming a was positive. If a was negative, f > 0 for all z < 0 and
f<O0forall z>0.)

Problem 7

Consider the quadratic form f(z,y) = 522 — 8xy + 5y2.

(a) Find the symmetric matrix A such that f(x) = x? Ax.

(b) Find an orthonormal basis (vy, vs) for R? consisting of eigenvectors for A, along with their corresponding
eigenvalues.

(¢) Express the function f using (vi,vs) coordinates.

(d) Draw the level sets f(x,y) = ¢ for ¢ = —1,0,1. (Hint: It helps to draw a second set of axes corresponding
to the orthonormal basis of eigenvectors, and then draw the level sets with respect to these axes.)

(e) Suppose g : R? — R is a O function, and for some critical point xg of g, the Hessian of g at x¢ is equal
to the matrix A. Does g have a local minimum, local maximum, or saddle point at xo?

Solution

(a)

(b) We have v, = (%, %) with A; = 1 and vy = (L, ;1) with Ay = 9.

(c¢) Let

(@31

Problem 7 continued on next page. ..
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= 2T PAP
vl Av

= vl + 903

(d)

(e) g must have a local minimum at x¢ since Hg(zg) is positive-definite as det(Hg(zp)) = 9 > 0 and
a=295>0.
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Due March 9, 2023

Maxwell Lin

Problem 1

Section 3.3, #28
Find the point on the plane 2x — y + 2z = 20 nearest the origin.

Solution
Each point on the plane is of the form (z,y, —2 + § + 10). The distance from this point to the origin is

2
d(z,y) = \/x2+y2+ (—x+%+10) .

Minimizing this function is equivalent to minimizing the function
2_ 2., 2 Yy 2
d(2,y) = d(w,y)* = a* +y* + (~2+ 5 +10)
since d(z,y)? > d(xo,y0)? <= d(z,y) > d(x0,y0). The critical points of d* occur when

Vi (2.5) = {4:1:—2O—y] _

Dy 4+10—=

which only occurs at the point (4—90, _TQO). The Hessian at this point is
40 —20 4 -1

Hd"|—,— | = .
(F=)-1 4

40 —20 40
Since det Hd* (%, =2°) > 0 and a > 0, we confirm that (42, =2) is a local minimum and that <9, -5 9)

is the point on the plane nearest the origin.

Problem 2

Section 3.3, #29
Show that a rectangular box of given volume has minimum surface area when the box is a cube.

Solution
Suppose the rectangular box has a positive volume of ¢ = zyz. The surface area is

Az, y, z) = 22y + 2yz + 2z 2.
Letting z = é, we equivalently obtain

2 2
Alz,y) =2uy+ = + =
r oy
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The critical points of A occur when

2y - 2
VA(z,y) = l2z 561 =0.

From % = 0, we obtain y = 5. This implies y? = ;—i By substituting into % = 0, we obtain
4
T
2x — 2¢ (02) =
2 4
20— 22—
c
3
2 (1 - x) =0
c

which implies that either

z=0orx=c"/3

Since ¢ = zyz > 0 we must have that z = ¢'/3. Substituting this into % = 0, we obtain
2c
2y — @ = 0
y = /3,
Lastly, substituting z = y = ¢'/3 into zyz = ¢ we obtain

(01/3)(01/3)2 =c
2 =c'/3,

Therefore, the only critical point occurs when # = y = z = ¢'/3. By computing the Hessian of A at
(c'/3,¢c'/3) we obtain

i 2
HA(c'/3,c1/?%) = lx; h
yS

42

2 4]
Since det(HA(c/3,¢/3)) > 0 and a > 0, this critical point is a relative minimum of A. Thus, surface area
is minimized when x = y = z, that is, when the box is a cube.

(c1/3,c1/3)

Problem 3

Section 3.3, #34

Let f(z,y) = bye® — 5 — ¢°.

(a) Show that f has a unique critical point and that this point is a local maximum for f.

(b) Show that f is unbounded on the y axis, and thus has no global maximum. [Note that for a function
g(x) of a single variable, a unique critical point which is a local extremum is necessarily a global extremum.
This example shows that this is not the case for functions of several variables.]

Solution

Problem 3 continued on next page. .. 2
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(a) The critical points of f occur when

=0.

V(o y) = [5ye"” - 565“5]

5e® — 5yt
We can rewrite % =0 as y = e**. Substituting this into % = 0, we obtain

5e% — 5(et®)t =0

5e® — 5ett* =

eac — elﬁw
xr = 16x
z=0.

Thus, the only critical point occurs at (0,1). The Hessian of f at (0,1) is

T 5z T
H/(0,1) = [5ye 25€ 5e }

oe’ —20y3

[-20 5
"5 —20]°

Since det(Hf(0,1)) > 0 and a < 0, (0,1) is a local maximum for f.

(071)

(b) Along the y-axis, © = 0 and we have
F0,y) =5y —1—y".
We have that

lim f(0,y) = —oco0 and Em f(0,y) = oo.
Y—r—00

Y—r00

Therefore, f is unbounded on the y-axis, and thus has no global maximum.

Problem 4

Section 3.4, #6.

Find the extrema of f subject to the stated constraints.
f(z,y,2) =x+y+2z subject toa? —y? =12z +2=1

Solution
The constraint is

2 —y2 -1
g(z,y) = {2x+z_1] =0.

We must find all local extrema of f|g where S = g~1(0). If f|; has local extrema at (z,y), then there exist
xz, Y, A1, and Ao so that

Vi(z,y) = MVai(r,y) + AaVga(z,y),
gl(x7y) = 07
g2(z,y) = 0.

Problem 4 continued on next page. .. 3



Maxwell Lin MATH 222 — Homework #7 Problem 4 (continued)

Computing the gradients and equating components, we obtain

1= )\12$ + )\22
1=

22—yt =1

A~ o~ o~ o~
W N
NN N NN

204+ z=1.

Substituting equation (3) into equation (1) and rewriting equation (2) we obtain,

—1= Al 2z (6)
Thus, equating equations (1) and (2), we obtain
)\12l‘ = )\122/. (8)

Suppose A1 # 0. Then we can divide equation (8) by 2\; and obtain 2 = y. However, substituting = y
2 _ 22 =1, a contradiction. Now suppose A; = 0. Then, substituting into
equations (6) and (7), we obtain —1 = 0, a contradiction. Therefore, there is no A; for which this set of

equations is consistent and therefore, there do not exist any extrema of f subject to the stated constraints.

into equation (4) results in x

Problem 5

Section 3.4, #10. (You can do this either by parametrizing S or by thinking of it as a level set of some
function on R?.)

Find the relative extrema of f | S.
R =R, (z,y) = 22 —y%, S ={(x,cosz) | € R}.

Solution
Let ¢(t) = (t,cost). Then
f(c(t)) = t* — cos?(t).

The relative extrema occur when

Df(c(t)) = 2t + 2(cost)(sint) =0
2t +sin(2t) =0
—2t = sin(2t)
t=0.
Applying the second derivative test at ¢ = 0 results in

DD f(c(0)) = 2+ 2cos(2t)],
=4>0.

Therefore, the only extrema of f|g is (0,1) which is a relative minimum.
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Problem 6

Section 3.4, #24

Find the absolute maximum and minimum for the function f(z,y,2) = = + yz on the ball B = {(x,y, z) |
2?4 y? 422 <1)

Solution

We know the global maximum and minimum exist for f|g since f is continuous and B is compact. First we
locate all critical points of f in the open set U = {(z,y, 2) | 2% + 3? + 22 < 1}. Critical points occur when

which never occurs so there are no critical points in U.

Now we locate all critical points of f in the boundary OU = {(x,y, 2) | 2% + ¢ + 2% = 1}.
By the Lagrange multiplier theorem, we obtain the set of equations

1= X2z (1)
z= A2y (2)
y= A2z (3)
Py =1. (4)

Substituting equation (3) in equation (4), we obtain

z = A2(A2z2)
2 =4\%z

1
A= ii assuming z # 0.

Substituting into equation (1), we obtain = +1. Substituting into equation (4), we obtain y = z = 0. (If
instead z = 0, we would receive the same result.) Evaluating f at these critical points, we obtain
f(1,0,0) =1
£(=1,0,0) = —1.

Therefore 1 is the absolute maximum occurring at (1,0,0) and —1 is the absolute minimum occurring at
(-1,0,0).

Problem 7

Suppose C1,C5,C3,--- C R™ are any collection of closed sets. (This could be a collection of finitely many
or infinitely many sets.) Show that the intersection (), C; is closed. Likewise, show that if Cy,Cs, Cs, ... are
compact sets, then (), C; is compact. (Hint: use a corresponding statement about open sets proven in HW 2.)

Solution
First we prove that (), C;)' =, Ci.

Problem 7 continued on next page. .. 5
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Proof 1.
/
= (ﬂ C,») — —(z € C; Vi)
— x¢C;
— xeC. i
= zel ]
Since each set is contained within the other, (), C;)" =, C.. O

Proof 2. From HW 2, we know that the infinite union of open sets is open. Thus, |J; C; is open since the
complement of an closed set is open. Therefore, (), C;)" = J; C; is open. Taking the complement, we get
that (), C; is closed as required. O

Proof 3. We have already shown that C' =, C; is closed. Therefore, to show that C is compact, we must
prove that C is bounded. Suppose z € C. We need to show that there exists R > 0 such that ||z| < R.
Since C' = (N, C; C C; for Vi, we also have that z € C;. Since C; is bounded (since it is compact), there
exists some R; such that ||| < R;. Therefore, C is both closed and bounded, and therefore compact. [

Problem 8

Consider Example 4 on page 190. Let
S={(z,y,2) |zy+yz+2z2=5,2 >0,y >0,z > 0}

and let f(z,y,z) = xyz. As outlined in class, we will prove carefully that the function f actually achieves a
global maximum on S, which must then be the value that is found in the example.
(a) Show that if (z,y,z) € S, and z,y, z are all nonzero, then

f(z,y,2z) < min{25/x,25/y,25/z}.

(b) Let
S ={(z,y,2) € S|z <25,y <25,2z<25}

Show that S’ is compact, and hence that f|g, attains a maximum on S’. (Hint: Use Problem 7.) Show that
this maximum is at least 2.

(c) Show that if (z,y, z) is a point of S not in S’ then f(x,y,z) < 1.

(d) Deduce that f has a global maximum on S.

Solution

(a) We must show that zyz is less than 25/x, 25/y, and 25/z. We have that

(zy — x2)? = 2%y — 22%yz + 222> > 0

(zy + 22)* = 2%9* + 22%yz 4+ 2222 > 422y2 add 4z2yz to both sides

25 = (xy +yz + x2)* > (zy + x2)? > 4a’yz since yz positive
25 25 . "
— > — > Yz since X positive.
x 4x

Since f and S are symmetric with regards to z, y, and z, the same reasoning will show that zyz is less
than 25/y and 25/z. Therefore, f(x,y,z) < min{25/z,25/y,25/z}.

Problem 8 continued on next page. .. 6
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(b)

S’ is bounded since ||(z,y,2)|| < 1/(252) + (252) + (252) for all (z,y,2) € S'.

Consider

Q

1 ={(z,y,2) ER® |0 <z <25}
b ={(2,y,2) eR*| 0 <y <25}
(z,y,2)
(z,y,2)

Q

Cg—{x, , 2 6R3|0§z§25}

T={(z,y,2) € R® |2y +yz + 2z =5}.
Note that S’ = C; NCy N C3 NT. We have that T is a closed set (since it is a level set of a continuous
function) and that C; is a closed set since it includes the boundary. Thus, by Problem 7, S’ is closed

since the intersection of closed sets is closed. Since, S’ is bounded and closed, it is compact. Since S’ is
compact and f is continuous, f|g attains a maximum on S’.

By the Lagrange multiplier theorem, we obtain the set of equations

8

+

N

~—
~ o~~~

[\
— — — ~—

zy +yz+x2=>5.

We know z # 0 since if x = 0, then yz = 5 (equation 4) and 0 = Az (equation 2). This implies that
A = 0 since z # 0. But, this leads to a contradiction since yz = 0 (equation 1). By the same reasoning,
y# 0 and z # 0.

Elimination of X in equations (1) and (2) as well as (2) and (3) results in

Yz Tz

= = 5
il Sl (5)
xTrz Ty
oy y=z (6)

Therefore, from equation (4) we obtain that x =y = 2 = \/g Since (\/g, \/g, \/§> € S’, we have that
the maximum of f on S’ is (3)3/2 ~ 2.151 > 2 as required.

If (z,y,2) € S\ 5, then z > 25, y > 25, or z > 25. Let us assume z > 25. From part (a), we know
that f(z,y,2) < min{25/x,25/y,25/2} < 25/x < 1. By the same reasoning, f(z,y,z) < 1if y > 25 or
z > 25 instead.

By part (b), there is some x¢ € S” such that f(xq) > 2 and for every a € S, f(a) < f(xg). By part
(c), for every b € S\ §’, we have f(b) < 1 < 2 < f(x¢). Combining these statements shows that
f(x) < f(x0) for every x € S, and hence f has a global maximum at xg.




MATH 222 — Homework #8

Due March 23, 2023

Maxwell Lin

Problem 1

Section 5.2, #4

Evaluate over the region R:

Jhi

Y
= dxdy, R:[0,1] x[-2,2]

Solution
2 1 y 2 N
LQA 522 drdy = [Qy[arctanx]wzo dy
2
T
= Z[2ydy
o PT
a2, .,
T
=20
=0.
Problem 2

Section 5.2, #9
Let f be continuous on [a,b] and g continuous on [c,d]. Show that

J[ e dzdy—[/f H/ (y)dy]
where R = [a,b] x [, d].

Solution

Proof. Since f is continuous on [a,b] and ¢ is continuous on [¢,d], f(x)g(y) is continuous on R. By Fubini’s

[[ s [ [/ fe dx]dy

When we evaluate this integral, we first hold y fixed and integrate with respect to x. Since y is fixed, g(y)

Theorem,

is a constant. Therefore, by the homogeneity of integrals,

/ l/ f(x dx] dy—/cdg(y) [/abf(:c)dxl dy.
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Likewise, since the inner integral does not contain any ¥, it is constant and we obtain

/Cdg@) [/abf(x)dx] dy = Vabf(x)dm] [/cdg@)dy].

Problem 3

Section 5.3, #4(a, ¢, d)

Evaluate the following integrals and sketch the corresponding regions.
(a) J7, J¥ (2 +y) dedy
©

/2 pcosx
@ " J

1/2
dy dx

ysinz dy dz
Solution

(a) We have

2y 2 1,8 Y
/ / (2° +y) dedy = [ + y:c} dy
-3Jo 313 -

/ x=0
2 .6
Yy 3
= [ T tydy
L5
2
[yuy‘*]
21 4,4
7895
o84

Problem 3 continued on next page. .. 2
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(c) We have

1 p(1-2?)"? 1
/ / dydx:/ (1—az2)2dx
o Jo 0

0
= / (1 — cos®0)/2(—sin6) db substituting x = cosf
/2

0
=— / sin” 0 d using sin® 6 + cos? 0 = 1

/2
0
_ _/ 1 cos(20) "
7\'/2 2 2
_ [0 B sin(QtQ)}O
2 4 0=m/2

s
1 .

Problem 3 continued on next page. .. 3



Maxwell Lin MATH 222 — Homework #8 Problem 3 (continued)

(d) We have

7/2 pcosw w/2 y2 cos
/ / ysinz dydr = / [ sin x} dx
0 0 0 2 y=0

w/2 2 .
:/ (cosx) sing

0 2

1

0
= —5/ u? du substituting u = cosx
1

Problem 3 continued on next page. .. 4
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Problem 4

Section 5.3, #12

Evaluate the following double integral:

// cosy dr dy
D

where the region D is bounded by y =2z, y =z, x =7, and « = 27

Solution
We have

2m
:/ sin(2x) — sinz dx
T

2

-+ cos x}

T=T
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Problem 5

Section 5.4, #4(a, ¢)
Find

(a) fi1 f‘;l(z +y)?dxdy

(c) f04 f;/Q e dz dy

Solution
(a) We have
1o 1
/ / (m+y)2d;vdy:/ / (z+y)? dy dz
-1 Jy| 0 J—=z
1 y31°
:/ [m2y+xy2+3] dx
0 y=—x
1g.3
- / 827 1
o 3
[2x4 !
a 3 =0
_2
=3
(c) We have

4 2 2 2
// e’ dxdy:// e’ dydx
0 Jy/2 0o Jo
2 2
:/Qxem dx
0

4
= / e du substituting u = x>
0

=et - 1.

Problem 5 continued on next page. .. 6
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Problem 6

Section 5.5, #15
fol ff f23 cos[m(x +y + z)| de dy dz

Solution
We have

1 2 3 1 2 : 3
/ / / Cos[ﬂ-(x +y+ Z)} dx dy dz = / / |:Sln(il"/T +ym+ Z7T) dy dx
o J1 J2 0o J1 ™ =2

/2 sin(3m + ym + zm)  sin(2w + yw + zm)
1 T 7r

dydz

I
S~

LT —cos(3m + ym + 2m)  cos(2m 4 ym + zm)]”
= 5 + 5 dz
0 T T y=1

/1 —cos(5m + zm) n 2cos(4m + zm)  cos(3m + zm)
0

2 2 - 2 dz

™ ™ ™

3 3 3

B [— sin(5m + zm) N 2sin(4m +2zm)  sin(3m + zw)} !
z=0
0

since each term is 0.

Problem 7

Compute the volume of the 3-dimensional ball of radius R, Br = {(z,y,2) | 2%+ y*>+2? < R?}, in the
following three ways (and check that your answers agree):

(a) Using Cavalieri’s principle, as an integral of the area of the cross-sectional circles perpendicular to the
z-axis, ranging from x = —R to x = R.

(b) As twice the volume of the region below the graph of z = /R? — 22 — y? lying above the disk of radius
R.

(c) As the value of the constant function 1 integrated over B.

Solution

(a) The volume of Bp is
R
/ 7 dz
-R

Problem 7 continued on next page. .. 7
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where r is the radius of the cross-sectional circle perpendicular to the x-axis for fixed x. Since z2 + 3% +
22 < R?%, we have y? + 22 < R? — z2. Thus, r = VR? — 22.

Substituting we obtain,

R 37 R
/ m(R* — 2%) dx = |:7TR21' — M}
z=—R

R 3
4
:§7TR3.
(b) We have that
D (2.9) —R<z<R
=< (z,y .
R —1/R2—:z:2§y§~/R2—x2

Thus, the volume of Bpg is

R R
2/ / vV R? — x2 — y? dy dx.
_RJ-—

VvV R2—z2

First, we compute the inner integral.

VRT=? .
/ ] 2\/RQfglcznyaly: V2 —y2dy Let r = v/ R2 — 2.
—VR?—x -

w/2
— / \/m(r cos @) df Let y = rsinf
—m/2

w/2
= V12 cos? 0(r cos ) do since sin? § + cos® f = 1
—m/2

/2
/ |r cos 0|(r cos 0) df
—7/2

/2
= / 72 cos? 0 df since cos@ > 0 on [—7/2,7/2]
—m/2

/2 20) + 1
_ 2 / cos(20) + 40
/2 2

P {sin(%’) +9] ™/2

since cos(26) = 2cos? 6 — 1

T2 2

7TT'2

—m/2

|

Now, we compute the outer integral.

Multiplying by 2, we obtain %WR3 as required.

(c) We have that
—-R<z<R

Br=1q(z,9,2) | —VR?—22<y<VR?—2a?
VR 222 <2< \/RZ— 12— 2

Problem 7 continued on next page. .. 8
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Therefore, the volume of Bp is

RQ—ZCQ RQ_xQ_y RZ_Q:Z
/ / / 1dzdyd:c—2/ / VR? — 22 —y2dydx

RZ—Z'Z R2—$2—y R2_x2

= §WR3 Part (b).

Problem 8

Viewing your answer to the previous problem as a function of R, compute its derivative with respect to R,
and give a geometric interpretation for what this derivative represents. (You may have encountered this
formula before.) Do the same thing with the formula for the area of a circle.

Solution

We have

d
iR { 7rR3} = 47 R? Surface area of a sphere

. [WTQ] =27r Circumference of a circle
,

The definition of the derivative states

ipy g JEAR) — f(R)
f(R) = lim o .

h—0

That is
F(R)h =~ f(R+h)— f(R)

for small values of h.

Geometrically, we add a thin shell of thickness h around a sphere (or circle) of radius R. Since h is small,
this added volume should approximately equal the surface area, f'(R), multiplied by the added thickness h.




MATH 222 — Homework #9

Due April 6, 2023

Maxwell Lin

Problem 1

Section 6.1, #8
Let D* be the parallelogram bounded by the lines y = 3z — 4,y = 3z,y = %x, and y = %(1: +4). Let
D =[0,1] x [0,1]. Find a T such that D is the image of D* under T

Solution
Since both D* and D are parallelograms, one such T is a linear transformation that maps the vertices of D*
to D. Thus, we have

7(0,0) = (0,0) (1)
T(4/5,12/5) = (0,1) (2)
T(12/5,16/5) = (1,1) (3)
T(8/5,4/5) = (1,0). (4)

Reading off equations (2) and (4) give us the matrix A=! for 71

8/5 4/5]

AT = [T Yer) T eo)] = {4/5 12/5]°

Inverting A gives us

=2

Thus, T is given as
3 1 1 1
T =(ax— "y, —= Zy).
(2,9) (4&7 A 4w+2y)

Problem 2

Section 6.2, #2

Suggest a substitution/transformation that will simplify the following integrands, and find their Jacobians.
a) [[p(5z 4 y)3(z + 9y)*dA

(b) [[zzsin(6z + Ty) — 3ysin(6x + Ty)dA

Solution
(a) A good substitution may be

u=95r+Yy
v=2x+ 9y.

That is,
T~ (x,y) = 5z +y,z + 9y).
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The Jacobian determinant of T is

1
det(DT-1)

1
44°

|det(DT)| =

(b) The integrand can be rewritten as

xsin(6z + 7y) — 3y sin(6z + 7y) = sin(6x + Ty)(z — 3y)

Thus, a good substitution may be

u=6x+ Ty
v=x—3y.

That is,

T_l(x7y) = (6$ + 7y7$ - 3y)

The Jacobian determinant of 7' is

1
det(DT-1)

1
25°

|det(DT)| = ’

Problem 3

Let D be the region 0 <y <z and 0 < z < 1. Evaluate

//D(x—i-y)dxdy

by making the change of variables x = u + v, y = u — v. Check your answer by evaluating the integral
directly by using an iterated integral.

Solution
The transformation T is
T(u,v) = (u+v,u—v)

which has the Jacobian determinant 2. Since T is bijective, we can solve for T

1 1 1 1
—1 o - - - -
T (z,y) = (296—1- 2y, 296 2y>

Since T is a linear transformation, it maps lines to lines. Thus, using T~ we observe that T maps the
triangle with vertices (0,0), (1,0) and (1/2,1/2) to D.

Problem 3 continued on next page. .. 2
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Problem 3 (continued)

Therefore, we have

Now we evaluate the integral directly.

as required.

Problem 4

Section 6.2, #8

//D(x—l—y)dxdy:

1/2 pl—w
/ 4u du dv

v

/
1/2 u=1l—v
/ [2u2} u—o dv
0
/

Problem 4 continued on next page. ..
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Define T'(u,v) = (u2 — 02, 2uv). Let D* be the set of (u,v) with u?+v? < 1,4 > 0,v > 0. Find T (D*) = D.
Evaluate [ [, dxdy.

Solution
We can transform D* into polar coordinates with the transformation (u,v) = P(r,0) = (r cos6,rsinf). We
obtain
w4t =r2<1
u=rcosf >0 v=rsinfd >0
and thus,
0<r<i1
D' ={(r,0
(0|, <o< g

Therefore, to determine T(D*) we can equivalently solve for T'(P(D’)) where D’ is D* expressed in polar
coordinates. We have

(T o P) = ((rcosf)? — (rsinf)?, 212 cos fsin )
= r%(cos(26),sin(26)).

That is, T(D*) = (T o P)(D') is the closed region of radius 1 from angle 0 to m—the top half of the unit

circle.
D ( ) —1<z<1
= z,y
0<y<+v1—2a?

With this geometric picture, [[}, dxdy must be 7/2. We evaluate

2u

det(DT) = [ ”

_2?;}} = 4(u® +v?).

Since det(DT') = 0 only at (0,0) which is on the boundary of D*, we can change variables as follows

// dmdy:// 4(u? +v?) dudv
D *
/2 pl
= / / 4r(r) dr do
0 0
7r

T2

as required.

Problem 5

In this problem, we will compute the formula for the n-dimensional volume of an n-dimensional ball of radius
R,
Djy = {x € B" | |x] < R}.

Let V,,(R) be the volume of this ball, i.e.

Vo (R) = /D 1dv

n
R

Problem 5 continued on next page. .. 4
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Write D™ for DY, and let a, = V,,(1).
(a) What are a1, asg, and ag?
(b) Prove that for any R > 0, we have
Vo(R) = a, R"

(Hint: Use the function T : D} — D% given by T'(x) = Rx and the change-of-coordinates formula.)
(c) Prove that for any n > 3, we have

vim) = [

By computing this integral using polar coordinates and the formula from part (b), show that

Vs (\/m) dA.

2
R

_ 27 R?

Vo(R) = - Vn—2(R).
(d) When n is even, show that
7Tn/2
ORI
and hence
71_n/2
Vo(R) = ——R"

(m/2)1"
Note: There is a smooth function called I', known as Euler’s Gamma function, which is defined for all
non-negative real numbers and ”connects the dots” of the factorial function: when n is a positive integer,
it satisfies I'(n) = (n — 1)!, and for all real numbers, it has I'(z + 1) = zI'(z). The above formula then
generalizes to
n/2
Va(R) = ———R"
B =t
which now makes sense for both even and odd n. To learn more about I, you should take Math 333 (Complex
Analysis).
(e) Deduce that the limit as n — oo of ay,, taken over all even n, is 0 .
(f) In Homework 1, we defined the n-dimensional cube

C"={xeR"||z;|<1foralli=1,...,n}

in which D™ is inscribed. (That is, we saw that D™ C C™, but that D} ¢ C™ for R > 1.) What is the
volume of C™ 7 How does this behave as n — oco?

Solution

(a) We have

041:V1(1):/ 1dv
D

Il
oSN
[t
ISH
8

Il
B

Problem 5 continued on next page. .. 5
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042:‘/2(1):/ 1dv
D?

2 1
= / / rdrdf
0 0
27
1
/ —db
O 2

™

a3 = V3(1> = /3 1dv
Dy

= 4% HW 8 Problem 7.

(b) The transformation 7" is
T(x1,...,2n) = (Rx1,...,Rxy).

The Jacobian is

R 0 0 0
0 R 0 0

pr=|0 0 R 0| = RI
0 0 0 --- R

Since this matrix can be obtained by multiplying each row of the identity matrix by R, we have that
det(DT) = R" det(I) = R".
Thus, we have
Vi (R) = / Ly
R

= R"dV
Dy

=R”/ 14V

= R"V,(1)

= a,R"

as required.

(c) We have
R \/R2—1:% \/Rg—a:f—azg \/R2—z%—m§—...—mi71
-R —\/RQ—zf —\/R2—w%—w§ —\/Rg—xf—;vg—...—13171
:/ / dv dA
D2 JD" 2

Problem 5 continued on next page. .. 6
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as required.

We have

Problem 5 continued on next page. .. 7
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Problem 5 continued on next page. .. 8
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Problem 5 continued on next page. .. 9
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MATH 222 — Homework #10

Due April 13, 2023

Maxwell Lin

Problem 1

Section 6.2, #8
Define T'(u,v) = (u* — v?,2uv). Let D* be the set of (u,v) with u*+v? < 1,u > 0,0 > 0. Find T'(D*) = D.
Evaluate [ [}, dxdy.

Solution
We can transform D* into polar coordinates with the transformation (u,v) = P(r,0) = (r cos6,rsinf). We
obtain
w4t =r2<1
u=rcosf >0 v=rsinfd >0
and thus,
0<r<i1
D' =< (r,
( )0<9<g

Therefore, to determine T (D*) we can equivalently solve for T'(P(D’)) where D’ is D* expressed in polar
coordinates. We have

(T o P) = ((rcosf)? — (rsinf)?, 2r? cos 0 sin 0)
= r%(cos(26),sin(26)).

That is, T(D*) = (T o P)(D’) is the closed region of radius 1 from angle 0 to 7—the top half of the unit

circle.
D ( ) —-1<z<1
=4 @y
0<y<V1-—2a?

With this geometric picture, [[}, dzdy must be 7/2. We evaluate

2u

det(DT) = [ o

21”} = 4(u® +v?).

Since det(DT') = 0 only at (0,0) which is on the boundary of D*, we can change variables as follows

// dzdy:// 4(u? +v?) dudv
D *
/2 pl
:/ / 4r?(r) dr do
0 0
7r

)

as required.
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Problem 2

Problem 2

Section 6.2, #21

Integrate 2 + 32 + 22 over the cylinder 22 +y? < 2,-2 < 2z < 3.

Solution
We use cylindrical coordinates as follows

2 V2 3
/a:2—|—y2—|—22dV=/ / / (r? 4 2%)r dz dr df
D o Jo J-2

2T \/5

z/ / 5T3+%rdrd9

27
0o 3

~ 1007
=5

Problem 3

Section 6.2, #26
Use spherical coordinates to evaluate:

5 dzdy dx
0

1+ [22 + 92 + 22

Solution

/Df(x,y, dz dy dx /W/Q/
N /”/2/) ““‘b

/2 82 1
:/ / Smd) = dudg df
2

(sin ¢) do df

/71'/ 71'/2
™/2 In82
- / 82
0 4
_ mIn82
=5
Problem 4
Section 4.3, #8
Sketch the given vector field or a small multiple of it.
Y
F(z,y) = (

\/:c2+y27 \/z2+y2

)

substituting u = 1 + p*

Problem 4 continued on next page. .. 2
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Solution

Problem 5

Section 4.3, #17

Show that the given curve ¢(t) is a flow line of the given velocity vector field F'(x,y, z).

c(t) = (sint,cost,e') ; F(z,y,2) = (y, —x, 2) (2)

Solution
We have that
c (t) = (cost, —sint,e') = F(c(t)).

Thus, ¢(t) is a flow line of F(z,y, z).
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Problem 6

Section 4.3, #24
Let c(t) be a flow line of a gradient field F = —VV where V is a C! function R® — R. Prove that V(c(t))
is a decreasing function of t.

Solution
Since ¢(t) is a flow line of F = —VV,

d(t) = F(c(t)) = =VV(c(t)).

To prove that V(c(t)) is a decreasing function of ¢, we must show that D(V o ¢)(¢) < 0 for all ¢.
We have
D(Voc)(t) = VV(e(t) - (1) = VV(e(t)) - =VV(c(t)) = —[IVV (c(t))|* < 0

as required.

Problem 7

Section 4.4, #4
Find the divergence of the vector field.

V(z,y,2) =2%i+ (x+9)2%+ (x+y+2)°k (3)
Solution
We have
. oV, OV,  0OVa
div(v)=22 422,95
(V) ox * y * 0z
=2r+2(x+y)+2x+y+=2)
= 6z + 4y + 2z.
Problem 8
Section 4.4, #19
Calculate the scalar curl of the vector field.
F(z,y) = zyi+ (° — 7)) (4)
Solution
We have
oF, O0F;
(F) =22 21t
curl(F) 5 9
=2r—x
=7.
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Problem 9

Section 4.4, #25

Suppose F : R? — R3 is a C? vector field. Which of the following expressions are meaningful, and which
are nonsense? For those which are meaningful, decide whether the expression defines a scalar function or a
vector field.

(a) curl(grad F)
(b) grad(curl F))
(c) div(grad F)
(d) grad(div F)
(e) curl(div F)
(f) div(curl F)

Solution

(a) Nonsense; cannot take gradient of vector-valued function.
(b) Nonsense; cannot take gradient of vector-valued function.

)
)
(¢) Nonsense; cannot take gradient of vector-valued function.
(d) Meaningful; vector field.

) Nonsense; cannot take curl of scalar-valued function.

)

(e
(f

Meaningful; scalar function.

Problem 10

Section 4.4, #27
Suppose f,g,h : R? — R are differentiable. Show that the vector field F(z,y, 2) = (f(y, 2), 9(x, 2), h(z,y))
has zero divergence.

Solution
We have
. OF, 0OF, OF3
div(F) = — + — + —
iv(F) or oy 0z
=0+0+0 since each F; does not depend on z;
= 0.
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Due April 26, 2023

Maxwell Lin

Problem 1

Section 7.2: #4

Evaluate each of the following line integrals:

(a) [ xdy —ydz, c(t) = (cost,sint) 0 <t < 2w

(b) [ zdx+ydy, c(t) = (coswt,sinmt), 0 <t <2

(¢) J,yzdx + xzdy + xydz, where c consists of straight-line segments joining (1,0,0) to (0,1,0) to (0,0,1)
(d) [, 2?dx — xydy + dz, where c is the parabola z = z*,y = 0 from (-1,0,1) to (1,0,1)

Solution
(a) We have
T = cost dr = —sintdt
y =sint dy = costdt.
Thus,
2
/xdy —ydx = / cos?(t) + sin’(t) dt
c 0
= 2.
(b) We have
2
/xdm + ydy = / —m cos(mt) sin(rt) + 7 sin(wt) cos(wt) dt
c 0
=0.
(c) We have

/yzd:v + xzdy + xydz = / yzdr + xzdy + rydz + / yzdr + xzdy + rydz

Cc C1 c2

where ¢; parameterizes the straight-line segment joining (1,0,0) to (0,1,0) and ¢y parameterizes the
straight-line-segment joining (0, 1,0) to (0,0, 1).

We obtain

a=0—tt0) telo1]
c=(0,1—t1t) telo1].

Thus,

c

/yzderxzderxydz:/ 0+0+0+/ 04+0+0
c1 Cc2

—_
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(d) We parameterize ¢ with
c(t) = (t,0,t*)  te[-1,1].

Thus,

1
/Izdx—mydy—l—dz:/ 2+ 2t dt
c —1

£3 !
547
3 —1
2
3

Problem 2

Section 7.2: #12

Suppose ¢; and co are two paths with the same endpoints and F is a vector field. Show that fcl F.ds =
ch F - ds is equivalent to fc F - ds = 0, where C is the closed curve obtained by first moving along ¢; and
then moving along c, in the opposite direction.

Solution

Since the oriented curve C' can be obtained by moving along the curve parameterized by ¢; then moving
along the curve parameterized by co in the opposite orientation,

/F-ds:/F-ds—/ F-ds=0.
C Cc1 Cc2
/F-ds:/F-ds.
Ci C2

This is equivalent to

Problem 3

Section 7.3: #8
Match the following parametrizations to the surfaces shown in the figures.
(a) ®(u, v) (ucosv,usinv,4 —ucosv —usinv); u € [0,1],v € [0, 27]

(b) ®(u,v) (ucosv usinv, 4 — u?)
(c) ®(u,v) = (u,v, (12 — 8u — 3v))
(d) ®(u,v) = ((u 2+6u+11) cosv, u, (u? + 6u+ 11) sinv)

Problem 3 continued on next page. .. 2
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Solution
(a) (1)

(b) (
(c) (ii)
(d) (

iii)
iv)

Problem 4

Section 7.3: #23
The image of the parametrization

D (u,v) = (x(u,v),y(u,v), z(u,v))
= ((R+ rcosu) cosv, (R + rcosu)sinv, rsinu)

with 0 < w,v < 27,0 < r <1, R > 1 parametrizes a torus (or doughnut) S.
(a) Show that all points in the image (x,y, z) satisfy:

2
(\/332 + 32 —R) + 22 =12
(b) Show that the image surface is regular at all points.

Solution

(a) We have

2
2
(x/x2+y2—R> —|—z2:<\/(R—|—rcosu)2c052v—|—(R—i—rcosu)zsinzv—R) +r?sin®u
= r? cos® u + r?sin’ u

:’[“2

Problem 4 continued on next page. .. 3
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as required.

(b) To show that the image surface is regular at all points, we must show that T,, x T,, # 0.
We have

—rsinucosv —(R + rcosu)sinv
T, = |—rsinusinv T, = | (R+rcosu)cosv
7 COSU 0
COS U COSV
T, xT,=—r(R+rcosu) |cosusinv
sin u.

By assumption, » # 0. Additionally, R + rcosu # 0 since —1 < rcosu < 1 and R > 1. Therefore, we
must prove that
COS U COS ¥
A= |cosusinv | # 0.
sinu

For the sake of contradiction, assume that A = 0. Then, sinu = 0 which means u = k7 for k € ZTU{0}.
We also must have that

cosucosv = cosusinv =0

cosv =sinv =10 since cos u # 0.

However, this equation has no solutions. Therefore, A # 0 and the image surface must be regular at all
points.

Problem 5

Section 7.4: #1
Find the surface area of the unit sphere S represented parametrically by @ : D — S C R3, where D is the
rectangle 0 < 0 < 27,0 < ¢ <7 and ® is given by the equations

r =cosfsing, y=sinfsing, z=cos¢

Note that we can represent the entire sphere parametrically, but we cannot represent it in the form z = f(x,y)

Solution
The formula for surface area is

[ i< i
D

We have
—sin ¢sin 6 cosf cos ¢
Ty = | sin¢cosf Ty = |sinfcos¢
0 —sing
—sin? ¢ cos 6
Ty x Ty = —sin? ¢ sin 0
—sin ¢ cos ¢

Problem 5 continued on next page. .. 4
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Therefore,

Problem 6

Section 7.4: #4

Ty x Tyl = \/sin4 ¢ cos? 0 + sin? ¢sin? 0 + sin? ¢ cos? ¢

= y/sin* ¢ + sin® ¢ cos? ¢

= \/sin2¢

=sin ¢

//DTe><T¢||dA:/Oﬂ/02ﬂ(sin¢)d9dq§

= 4.

since ¢ € [0, 7].

The torus T can be represented parametrically by the function ® : D — R3, where ® is given by the
coordinate functions x = (R + cos¢) cos y = (R + cos¢)sinf, z = sin ¢; D is the rectangle [0, 27] x [0, 27],
that is, 0 < 0 < 2,0 < ¢ < 2m; and R > 1 is fixed (see Figure 7.4.6). Show that A(T) = (27)2R, first by
using formula (3) and then by using formula (6).

Solution
Formula (3) is

We compute as follows

Thus, we have

)= [ 2]y [o ] [

O(x,y) |-(R+cos¢)sinf —singcosf
0(0,¢) | (R+cos¢)cosf —singpsind
= (R +cos¢)sin¢
d(y,z) |(R+cos¢p)cosl —singsingd
9(0,9) ’ 0 cos ¢
= (R + cos ¢) cos  cos ¢
d(x,y) |—(R+cos¢)sing —sin¢cosb
0(0,9) 0 cos ¢
= —(R + cos ¢) sinf cos ¢
o,y | [0:2)]" | [9,2)]" _
\/{aw, 5] +[5wa] + o] =R

2m 2m
A(s) = /o /o (R + cos @) dpdb

27
= / 27 R df
0

= (27)*R

Problem 6 continued on next page. .. 5



Maxwell Lin MATH 222 — Homework #11 Problem 6 (continued)

as required.

Formula (6) is

e [ ()

f(@) =v1-(x—R)?

which is the graph of the upper half cross-section of the torus we wish to revolve about the y-axis.
We compute

We have

—(z - R)

M= A—e—nr

and

2

p _ (r—R)
\/1+[f(l')] = 1+W

1
1-(z-R?2

Thus, we have

b R+1 p
27r/ <|x|\/1+[f/(x)]2> dx:27T/ " ﬁdz |z| = = since R > 1

R—-1

R+1 B R+1
_or S ek S PO N
R—1 1—(z—R)? R—1 1—(x—R)?

We compute the first integral
R+1 0 Ju

—1 \/1* x—R 2 0 2Vu

=0.

substitute u = 1 — (z — R)?

We compute the second integral

R+1 R

dr = [Rarcsin(z — R)|E+]

=7R.

ﬂ/ab <|x|\/1 + [f’(x)]2> dv = 27°R.

Multiplying by 2 (since we can only graph half of the torus cross-section), we obtain 472 R as required.

Thus,

Problem 7

Section 7.5: #9

Evaluate ffs zdS, where S is the upper hemisphere of radius a, that is, the set of (x,y,2) with z =

a2—x2—y2

Solution

Problem 7 continued on next page. .. 6
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Using spherical coordinates, we obtain the surface parametrization
®(0,¢) = (asin ¢ cos b, asin ¢sin b, a cos @)

where ¢ € [0,7/2] and 6 € [0, 27].

We have
—a sin ¢ sin 6] a cos ¢ cos 6
Ty = | asin¢cost Ty = |acos¢sing
0 ] —asin ¢
[—a?sin® ¢ cos
Ty x Ty = | —a? sin? ¢ sin @
| —a? cos ¢sin ¢

| Tp x Ty|| = a®sin ¢.

Thus, we obtain

//S zdS = /O27T /OW/Q(acos ®)(a®sin ¢) do db
27 3
de

-,

= 71'@3.

Problem 8

Section 7.5: #12
Verify that in spherical coordinates, on a sphere of radius R,

[Ty x Tol|| dpdf = R*sin ¢ do df

Solution
We have the surface parametrization

®(0,¢) = (Rsin¢cosf, Rsin ¢psin b, Rcos ¢)

where ¢ € [0, 7] and 6 € [0, 27].

We compute

—Rsin¢sin Rcos¢cosf
Th = | Rsin¢gcosf Ty = | Rcos¢sinf
0 —Rsin ¢
—R?sin® ¢ cos b
ToxTy= |—R? sin? ¢ sin @
—R2cos ¢psin ¢

Problem 8 continued on next page. .. 7
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ITo x Ty = \/(—R2 sin? ¢ cos 0)2 + (—R2 sin? ¢sin 0)2 + (—R2 cos ¢ sin ¢)?2

= \/R4 sin? ¢[sin? ¢(cos? 0 + sin? ) + cos? ¢]

= \/R4sin? ¢

= R%sin¢g  since R?sing >0

as required.

Problem 9

Section 7.6: #2
Evaluate the surface integral

//SF-dS

where F(x,y,2) = xi + yj + 2%k and S is the surface parameterized by ®(u,v) = (2sinu, 3 cosu,v), with
0<u<2rand 0<v <1

Solution
We have
2cosu 0
T, = |—3sinu T, =10
0 1
—3sinu
Ty, xT, = |—2cosu
0
—3sinu 2sinu
(T xTy)-F=|—2cosu| - |3cosu| = —6.
0 V2
Thus, we obtain
27 1
//F-dSz/ /—dedu
S 0 0
= —12m.

Problem 10

Section 7.6: #7

Let S be the closed surface that consists of the hemisphere 2 + y? + 22 = 1,z > 0, and its base 22 + y? <
1,2 = 0. Let E be the electric field defined by E(z,y, z) = 2zi + 2yj + 2zk. Find the electric flux across S.
(HINT: Break S into two pieces S1 and S and evaluate [[y E-dS and ff52 E - dS separately.)

Solution
The electric flux across S is

//E~d5’=/ E~dS+/ E - dSs
S S1 Sa

Problem 10 continued on next page. .. 8
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where Sy is the hemisphere and S5 is the base, both with unit normals that face outwards. We parametrize
S1 with
D (0, ¢) = (singcosh,sin ¢psin b, cos ¢)

where ¢ € [0,7/2] and 6 € [0, 27].

From Problem 7, we know that
sin’ ¢ cos @
Ty x Ty = sin” ¢ sin 0
Cos ¢ sin ¢

Thus,

2 sin ¢ cos sin” ¢ cos @
E - (T, xTp) = |2sin¢sinf | - |sin® ¢sin 6
2cos ¢ cos ¢ sin @

= 2sin ¢.

//SIE' dS = /0% /()W/Z)(?sinqb) de d

=A4r.

Now we parameterize Sy by
Dy(r,0) = (rcosf,rsind,0)

where r € [0,1] and 6 € [0, 27]. We obtain

cos —rsinf
T, = |sinf Ty = | rcosf
0 0
0
Tg X T7 = 0
—r
Thus,
2r cos 6 0
E-(Ty xT,) 2rsm9 -1 0
—r
=0.
Therefore,
/ E-dS=0
Sa
and
/ E-dS =4nr.
s




